The sensitivity of coherent Raman spectroscopy methods, such as Coherent Anti-Stokes Raman Spectroscopy (CARS) or Stimulated Raman Spectroscopy (SRS), is ultimately limited by shotnoise from the stimulating fields. We present a squeezed-light Raman spectroscopy scheme, which has sub-shot-noise sensitivity and is background-free. In our method, the resonant Raman gain of the sample is enhanced by the squeezing factor of two parametric amplifiers, whereas all nonresonant background from the sample is eliminated by destructive interference. Our configuration incorporates the Raman sample between two parametric amplifiers that squeeze the light along orthogonal quadrature axes (forming a nonlinear SU(1,1) interferometer): The presence of a resonant Raman response induces a nonlinear phase shift, which can be measured with a sensitivity below the shot-noise level due to the squeezed illumination of the parametric amplifiers. Just as in standard coherent Raman spectroscopy, seeding the interferometer with coherent input further stimulates the Raman signal, but with no added background, maintaining the sub-shot noise sensitivity. Thus, our method allows to exploit the classical coherent stimulation on top of the quantum squeezingenhanced sensitivity.
INTRODUCTION
Raman scattering has been widely used for major sensing applications, such as Raman spectroscopy [1] , microscopy [2] , and material study [3] , due to its ability to identify the molecular contents of a given sample based on its Raman fingerprint spectrum, which reflects the unique vibrational and rotational structure of each molecule. Raman spectroscopy is therefore an ideal contrasting method for chemically resolved microscopy [4] [5] with no fluorescent tagging or special preparation of the target molecule. The major challenge of Raman sensing is the relative weakness of the Raman response, which for comparison is several orders of magnitude weaker than fluorescence, and is often obscured by other light-matter interactions. For this reason, much effort was invested in past research to improve the observed Raman signal in variations of Stimulated Raman Scattering (SRS) [6] and Coherent Anti-Stokes Raman Scattering (CARS) [7] [8] .
In standard CARS, a sample is excited by a strong pump wave (frequency ω p ) and a Stokes wave (idler, frequency ω i ) that interact within the sample through FourWave Mixing (FWM) to generate an anti-Stokes (signal) wave at frequency ω s = 2ω p − ω i . The generated antiStokes field is resonantly enhanced when the frequency difference between the pump and Stokes field matches a molecular vibration/rotation in the sample, indicating that the Raman shift of the signal (with respect to the pump) acts as a molecular fingerprint. However, since FWM is a parametric process, it can also occur nonresonantly via virtual levels, where the frequency difference between the pump and Stokes waves does not correspond to a vibrational transition of the molecule, resulting in a non-resonant background that is not chemically specific. This non-resonant background is not a problem in pure, or highly-concentrated samples, since the nonresonant response is generally much weaker than the resonant one. Yet, the non-resonant background can become a limiting factor in diluted samples, where the target molecule is surrounded by large quantities of background molecules, e.g. proteins dissolved in water within a biological cell. There, the non-resonant background from the environment (water, for example) dominates and obscures the weak resonant Raman signal from the target molecule (e.g. protein). Therefore, the fundamental limit to the sensitivity of standard CARS is the noise associated with the non-resonant background. Consequently, suppression of this background is a major goal for CARS spectroscopy, and several methods were proposed to address it. For example, pulse shaping that reduces the peak power [9] (and hence the non-resonant background), epi-CARS that detects only the back-scattered Raman signal [10] (which is primarily resonant), and polarization CARS that rejects the non-resonant signal based on polarization [11] . Unfortunately, these methods are not general, since they rely on some specific property of the sample/light to suppress the background, limiting their applicability to a specific subset of Raman samples/illuminations.
We suggest a novel, highly general Raman configuration (Fig. 1b) that excites the sample with squeezed light and enhances the Raman gain of the sample by the squeezing ratio, while completely rejecting the non-resonant background. The broadband two-mode squeezed light is generated via FWM in an optical parametric amplifier (OPA), and probes the Raman interaction in the sample, which is a (very weak) FWM process on its own, while taking advantage of the nonclassical quantum correlation properties of the squeezed illumination [12] . Due to the inherent phase shift between a resonant and a non-resonant interaction, and the phase sensitivity of the FWM process [13] , the non-resonant back- interferometer. a) The standard SU(1,1) interferometric detection of a linear phase: Two OPAs of equal gain and opposite pump phases are arranged in series (balanced configuration). The 1st OPA amplifies one quadrature of the signalidler pairs at the input (in this case, vacuum) and attenuates the other quadrature, while the 2nd OPA is shifted in pump phase so it will exactly reverse the amplification of OPA1 and return the light back to its original input state, nulling the intensity of the signal and idler at the output. When a linear phase shift θ is introduced between the amplifiers, the quadrature map rotates, and the cross-cancellation of the amplifiers is no longer complete, thereby detecting the phase with subshot-noise sensitivity due to the squeezing of the OPAs. b) Our scheme for squeezing-enhanced Raman detection: The Raman sample is introduced inside a balanced SU(1,1) interferometer. The sample acts as a weak parametric amplifier whose relative phase is set to φr = π/2, effectively shifting the phase (rotating the combined quadrature axis) and elevating the dark level of the interferometer, as explained in the text.
ground can be completely eliminated (beyond the shot noise limit), forming a quantum analog of interferometric CARS [14] [15] , as explained hereon.
Our analysis of this squeezing-enhanced Raman spectroscopy is organized as follows: Section 1 shortly reviews the SU(1,1) interferometer, and how the squeezed illumination enables sub-shot-noise interferometric phase detection. Section 2 analyzes the ideal simple case of a resonant, narrowband Raman sample (a weak parametric amplifier) that is placed inside a lossless SU(1,1) interferometer. We calculate the output intensity of the signal as a function of the gain of both the Raman sample and the OPA, which highlights the squeezing enhancement of the resonant Raman signal. Section 3 adds to the analysis the non-resonant interaction with the Raman sample, demonstrating how the non-resonant term can be discriminated from the resonant term due to the ±π/2 phase shift between the two, allowing for complete suppression of the non-resonant background. Section 4 introduces seeding of the interferometer by classical fields, effectively forming a squeezing-enhanced version of standard CARS, where on top of the squeezing enhancement of section 2, a coherent idler input classically stimulates the Raman interaction. Finally, Section 5 generalizes the analysis by incorporating loss, either internal or external to the interferometer, which is a critical consideration for an experimental realization of any squeezing application, showing that the enhancement due to squeezing survives practical levels of loss. Interferometric measurements are highly sensitive for detection of physical phenomena that induce an optical phase shift. The phase sensitivity of an interferometric schemes depends on both the illumination source and the configuration of the interferometer: Standard SU (2) interferometers, such as the Michelson or Mach-Zehnder, achieve a phase sensitivity of 1/ √ N -the shot-noise limit, when pumped with coherent light [16] (N the number of photons that traversed the interferometer during the detection period). SU(2) interferometers can surpass this limit when the unused port of the interferometer is fed with squeezed light [17] , as utilized for example in LIGO for detection of gravitational waves [18] . The SU(1,1) nonlinear interferometer (Fig. 1a ) provides a fundamentally different type of interferometric detection, where nonlinear gain media (OPAs) replace the beam splitters, and squeezed light is generated within the interferometer itself without the need to feed it externally. Additionally, the SU(1,1) interferometer can be robust to detection losses, as discussed in works by Lett [19] and Chekhova [20] [21] .
In a parametric process (which occurs in both OPA1 and OPA2, as marked in Fig. 1a ), the direction of energy transfer -from the pump to the signal and idler or viceversa -depends on the relative phase φ r = 2φ p −(φ i +φ s ) between the pump and a signal-idler pair, such that either amplification (φ r = 0) or attenuation (φ r = π) of the signal-idler pair occurs. In the field-quadrature picture, each OPA amplifies one quadrature component of the combined signal-idler field (and attenuates the other) according to the phase of the pump, thereby squeezing the input [22] [23] [24] .
The two OPAs of the SU(1,1) interferometer are arranged in series with equal gain in a "crossed" configuration, where the attenuation axis of OPA2 matches the amplification axis OPA1 and vice-versa (setting φ r = 0 in OPA1 and φ r = π in OPA2). Thus, the quantum state of the light at the output remains unchanged from the input as OPA2 exactly reverses the squeezing of OPA1. Yet, if the phase of the light is altered between the amplifiers, the cancellation will not be complete and light will exit at the output, leading to an interferometric detection of the induced phase. Indeed, when the standard SU(1,1) interferometer measures a linear phase shift θ between the two OPAs, the number of photons of the signal (or the idler) at the output, is given by:
where G is the gain of the OPAs, and we assumed vacuum input for the signal and idler. If no phase shift is present, the output is vacuum (identical to the input), where both first and second moments of the photon number are zero ( N s , N 2 s = 0), allowing signal detection, which is background-free. The phase sensitivity (as was previously discussed in [16] [25] [26] ) is given by:
where N sq is the number of squeezed signal and idler photons generated inside the interferometer. The result of Eq.2 shows a phase sensitivity of 1/N sq , which shows a sub-shot-noise scaling and allows for sensitive detection of phase.
The Ideal Crossed Raman scheme
In the previous section, we reviewed the sub-shot-noise phase sensitivity of the standard SU(1,1) interferometer. In our scheme for enhanced Raman spectroscopy, shown in Fig. 1b , the Raman sample is placed inside an SU(1,1) interferometer: signal and idler pairs are spontaneously generated in OPA1 at a relative phase φ r = 0. After the first OPA, the FWM light interferes parametrically in the Raman sample at an intermediate phase φ r = π/2, which translates to an amplification axis of 45
• and causes rotation of the squeezing (see Fig. 2a ). Last, OPA2 amplifies at an opposite relative phase φ r = π, which reconverts the signal-idler pairs back to pump light. Here, changes of the signal intensity at the output correspond to a nonlinear phase shift induced by the sample.
Let us now calculate the light intensity (number of photons) at the output of our Crossed Raman configuration. When passing through the amplifiers (and the sample), we can use the input-output relation of each amplifier: Quadrature dynamics for non-resonant amplification in the Raman sample: Due to the π/2 phase difference between the resonant and non-resonant response of any sample, the nonresonant amplification axis is not rotated compared to the OPAs, so the signal does not undergo quadrature rotation, but rather the non-resonant gain gnr imbalances the interferometer by effectively increasing (reducing) the gain of OPA1 G1. This contribution can be completely negated by tuning the gain of OPA2 to G2 = G1 + gnr.
and D = i sinh(g r ) with g r the gain of the Raman sample (assumed to be purely resonant and narrowband in this section). The relative phase between the pump, signal and idler fields changes throughout the different amplifiers, and the relative phase is adjusted so the two OPAs are orthogonal to each other. Thus, we apply a π/4 phase to both the signal and idler fields twice: first after OPA1, which rotates the sample itself to a 45
• amplification axis (φ r = π/2), and a second π/4 after the sample, which sets OPA2 orthogonal to OPA1 (φ r = π).
Note that although the external amplifiers are always set orthogonal to each other, the Raman response of the sample is generally complex with respect to the pump drive, and its phase varies spectrally across the resonance from φ r = 0 below resonance, through φ r = π/2 on resonance to φ r = π above resonance. Generally speaking, the imaginary part of the Raman response is associated with the absorption, which is maximal on resonance, whereas the real part of the response is associated with dispersion, which is nulled on resonance, similar to a driven two-level system [27] . In this section we analyze a purely resonant sample interacting with matching signal-idler fields (analysis of the non-resonant response is given in the next section).
The total relative phase for the FWM light before OPA2 is φ r = π, indicating that when no sample exists (C = 1, D = 0), the scheme is reduced to the standard SU(1,1) interferometer with complete destructive interference. With the Raman sample in, a nonlinear phase shift is induced, and the photon number of the signal at the output is:
Eq.6 demonstrates the enhancement of the Raman gain in the sample due to its interaction with the squeezed light generated by the interferometer. We can compare the result of Eq.6 to that of spontaneous Raman emission:
, which corresponds to setting G = 0. Thus, Eq. 6 illustrates the coupling between the parameters of the sample (D,g r ) and the parameters of the crossed amplifiers (A, B, G), creating an effective squeezing-enhanced gain, but bears no added background. Although the sample is stimulated by the generated FWM light, the interferometer "conceals" this stimulation completely, indicating that the interferometer acts as a black-box, which appears to an external observer as a spontaneous Raman scatterer with squeezingenhanced gain. As explained in section 4, this effective "black-box" extends to stimulated Raman techniques as well (e.g. SRS and CARS), where seeding the interferometer with a coherent idler input results in stimulation, which is analogous to standard CARS, but with the enhanced Raman gain due to the squeezed illumination within the interferometer.
Complete suppression of the non-resonant background
In the previous section, we considered only the contribution of the resonant Raman process to the output intensity. The non-resonant background of the sample, which we discuss here, arises from off-resonant dispersive interaction with other molecules in the sample, which is inherently phase shifted by ±π/2 with respect to the resonant signal [28] . Thus, we should treat the Raman sample as a parametric amplifier capable of doing two separate amplifications: It simultaneously performs both the resonant, phase-shifting amplification (discussed thus far) and an additional non-resonant, non-phase shifting on-axis amplification, as shown in Fig. 2b . This amplification behaves as a direct extension to the gain of OPA1, since it amplifies the same quadrature (the same relative phase), indicating that the non-resonant contribution can be completely nulled by a slight variation of the gain of either OPA2 or OPA1. This concept is similar to the classical experiment shown by Lupke [29] and later utilized by Lee [30] , where the non-resonant background generated by the sample was canceled out by placing an additional reference medium, which acted as an OPA that generated non-resonant background with an opposite phase. The difference in our scheme is that in addition to background cancellation, we utilize the squeezed light to enhance the measurement sensitivity.
Let us consider a purely non-resonant sample (i.e. a sample whose vibrational resonance Ω does not match the frequency difference between the pump and the idler or signal Ω = 2ω p − ω i,s ): after passing through OPA1 (with gain G 1 ), the sample performs non-resonant onaxis (compared to OPA1) amplification at a gain g nr . OPA2 is set as before to negate the amplification of OPA1, this time with gain G 2 = G 1 . The number of photons at the output is:
Setting the gain of OPA2 to G 2 = G 1 + g nr will null the non-resonant output completely.
In practice, real Raman samples will have both resonant Raman gain from the molecule of interest and nonresonant gain from background molecules (e.g solvent).
We can think of the sample as a mixture of many infinitesimally low gain parametric amplifiers that perform resonant amplification at 45
• and non-resonant amplification at 0
• with some arbitrary ordering. The resonant and non-resonant gains obviously do not commute, but since the gain of the entire sample is small compared to the OPAs (g nr , g r << G), it is fair to assume that the cross-interaction between the resonant and non-resonant gain within the sample (sinh 2 (g r ) * sinh 2 (g nr )) is negligible compared to the interaction of the sample with the external OPAs. Thus, we may treat the sample as two separate parametric amplifiers (resonant and nonresonant) that are placed in a series, indicating that the non-resonant background can be eliminated by balancing the gain of the interferometer (Eq.7), which yields the photon number at the output:
which remains identical to the result of Eq.6, even in the presence of the non-resonant background (now fully suppressed). Therefore, we can freely neglect the nonresonant contribution in the upcoming sections.
Coherent seeding of the interferometer: Squeezing-enhanced CARS
In standard (non-interferometric) CARS, a Raman sample is seeded with coherent idler light (in addition to the pump), enhancing the Raman response at the signal frequency by classical stimulation of the FWM interaction. The input state is vacuum |0 s for the signal field and a coherent state |α i for the idler. The intensity of the output signal in standard CARS is given by:
where |α i | 2 is the average number of seed idler photons at the input and |D| 2 is associated with the gain of the sample. However, as noted in the previous section, both g and D may contain contribution from the resonant (D r ) and the non-resonant (D nr ) response, which both scale in proportion to |α i | 2 , resulting in higher observed signal but not increased sensitivity. In fact, the noise associated with the non-resonant background is even higher than standard shot-noise, indicating that unless the nonresonant background is suppressed, the sensitivity of standard CARS is even worse than spontaneous Raman.
Let us now examine the CARS response of our crossed Raman scheme described in section 2 by subjecting it to a strong coherent idler input. Note first that by simple extension of the treatment in section 3, we may still assume that the non-resonant background is suppressed by tuning the relative gain of the OPAs in the interferometer, and consider only the resonant response. This assumption holds true regardless of the input state of the signal or idler. The output photon-number N (3) s for the seeded configuration |0 s , α i (vacuum signal, and strong coherent state for the idler) is
which is directly equivalent to the expression of Eq. 9 for standard CARS with the additional enhancement of the Raman gain due to the squeezing in the interferometer, and with inherent suppression of the non-resonant background. Consequently, the 'Raman black-box' concept, which claims that the interferometer can behave exactly like a normal Raman sample but with an enhanced gain due to the squeezing, remains correct also for stimulated interactions. The squeezing effect on the sample appears only internally between the crossed-OPAs, but does not leave a trace externally (in an ideal interferometer without internal loss, which we discuss in the next chapter). An external observer who cannot 'look inside the box', will not be able to differentiate the ideal interferometer configuration from a simple, high-gain resonant Raman sample.
Detection sensitivity at the presence of loss
We now evaluate the sensitivity of measurement under practical conditions for our suggested scheme by calculating the minimum resonant Raman gain g min of the sample that can be detected in the presence of photon-loss. This sensitivity can be calculated by error propagation analysis:
which states that the minimum detectable variation of the signal must be comparable to the noise of the output intensity.
For the ideal configuration where no losses are present, the sensitivity is (See supplemental material):
which is nearly identical to the minimum detectable phase of the standard SU(1,1) interferometer of Eq. 2, and indicates the detection of a single output photon during the finite measurement time. Both internal loss (between the two OPAs) and external/detection loss (after the interferometer) affect the sensitivity of measurement, although in a different manner. External loss takes place after the nonlinear interference and does not affect the squeezing, therefore reducing the measured signal by a loss factor |r ext | 2 , identical to the effect of losses on classical light [31] . Internal loss on the other hand, hinders the quantum correlation between the signal and idler, effectively diminishing the squeezing [23] . In turn, this degrades the contrast of the nonlinear interference and elevates the dark fringe level (and its associated noise), resulting in a lower detection sensitivity.
Let us calculate the average photon number and the noise associated with the dark fringe (background) due to internal losses. We use the standard modeling of loss as a beam splitter (BS) placed inside the interferometer [32] , where vacuum may enter through the unused port of the BS. Let us consider the ideal crossed Raman scheme (for vacuum input), with a beam splitter between the two OPAs. With this configuration, we obtain for the resonant signal:
where r represents the loss and t the transmission inside the interferometer (|r| 2 + |t| 2 = 1). Eq. 13 shows two contributions to the measured signal at the output: the resonant Raman signal (left), which is similar to the lossless case, reduced by a transmission coefficient |t| 2 , and the loss term (right, proportional to |r| 2 ) which corresponds to vacuum amplification by OPA2, and causes direct elevation of the dark fringe level. Since this term does not depend on the Raman sample, it limits the sensitivity of the measurement. In order to distinguish the Raman signal from the dark-fringe background due to the loss, we must consider the noise associated with the background: 
Eq.14 represents the background noise of the dark fringe, which limits the ability to detect a small Raman signal. The optimal working point of the interferometer, defined as the relative phase between the OPAs where the sensitivity is optimal, may vary with the internal loss. This behavior is shown in Fig. 3 , which presents the minimum detectable Raman gain as a function of phase between the OPAs for various loss values. For no loss, the optimal working point is φ r = 0 (exactly crossed amplifiers), as expected. Once loss is introduced, φ r increases due to the dark fringe noise. The squeezing enhancement still improves the minimum detectable signal below the shotnoise limit even in the presence of mild losses, demonstrating the resilience of this scheme to loss.
CONCLUSIONS
We presented a method for Raman spectroscopy, which utilizes the squeezed light inside a nonlinear interferometer for enhancement of the resonant Raman signal, and for suppression of the non-resonant background. We treated this scheme as a "Raman black box" that can be used to supplement standard Raman techniques, demonstrating the classical stimulation of the signal on top of the squeezing-enhanced gain. This improvement of Raman spectroscopy will likely find usage in demanding spectroscopy applications, such as the analysis of Carbon materials [33] , Geology and Mineralogy [34] , Pharmacology [35] , Microscopy [36] , Explosive detection [37] etc.
